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Abstract 
Cohen, G.D., S.N. Litsyn, On the covering radius of Reed-Muller codes, Discrete 
Mathematics 106/107 (1992) 147-155. 
We present lower and upper bounds on the covering radius of Reed-Muller codes, yielding 
asymptotical improvements on known results. The lower bound is simply the sphere covering 
one (not very new). The upper bound is derived from a thorough use of a lemma, the ‘essence 
of Reed-Mullerity’. The idea is to find a ‘seed’ upper bound-a properly chosen combination 
of binomial coefficients-well fitted to the respective growths of m (log of length) and r (order), 
to initiate double induction on m and r. Surprisingly enough, these two simple ingredients 
s&ice to essentially fill the gaps between lower and upper bounds, a result stated in our 
theorem. 
1. Introduction 
We present lower and upper bounds on the covering radius of Reed-Muller 
codes, yielding asymptotical improvements on known results (see for example 
[4,5]). The lower bound is simply the sphere covering one (not very new). The 
upper bound is derived from a thorough use of a lemma, the ‘essence of 
Reed-Mullerity’. The idea is to find a ‘seed’ upper bound-a properly chosen 
combination of binomial coefficients-well fitted to the respective growths of m 
(log of length) and r (order), to initiate double induction on m and r. Surprisingly 
enough, these two simple ingredients suffice to essentially fill the gaps between 
lower and upper bounds, a result stated in our theorem. 
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As is well known (see, e.g., [3]), R( r, m), the rth order Reed-Muller code has 
length n = 2”‘, dimension k = Ci=,, (y) and minimum distance d = 2”-‘. We 
denote by p(r, m) or simply p its covering radius (see [l]) and deal with 
asymptotical ower and upper estimates of it when m -00. The entropy function 
is H(x) := --x logx - (1 - x)log(l -x), where log is binary. 
2. Lower bounds 
We use the classical sphere-covering bound: 
k(r, m) + log 2 (“y) 5 2”. 
j=o z 
Case 1: m -r = o(m). 
We write (0) as 
Now, combining (a) and (b), where 
WI-r-1 m-r-1 
(4 
m =u i=O i “(m:r-I)!’ 
(b) log2 (2T)slogp+mp-logp=mp; 
i=O 1 
we get 
dr, m) 2 
mm-r-2 
(m-r-l)!’ 
Case 2: r = o(m). 
Here (0) gives 
log i (“,) s22” - i: (m). 
j=() 1 i=lJ 1 
(a) 2m-~(~)~2m-m’lr!; 
@) log 2 (1) 
i=o 1 
5 log p + nH(pln). 
(1) 
Setting x := 2”-’ - p, y :=x/n and taking into account H(i - y) = 1 - 2y2 for 
y-0, we get 
p > 2m-’ - 2”‘2m’n((ln 2)/2r!)t. (2) 
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Case 3: r/m =: (Y > 4. 
In this case p <<n, 
m-r-l 
(b) 
m =o 1 z 2 7 mH(l-a). i=O i 2j/2ma(l- (u) 
and 
p 2 (2m3)-t2mH(‘T). 
Case 4: IX< i. 
In this case x = 2”-’ - p << 2”. 
(4 
(b) 
and 
1% i (‘t ) 
i=O 1 
5 IZ - 2x2/(n In 2); 
m-r-1 
2 
(7) 
= 2” - i 
(“‘) 1 
2 2” - yH(4; 
i=O i=O 
p 222”-1-- ((In 2)/2)12”(‘+H(“))‘2. 
(3) 
(4) 
3. Upper bounds 
The following result is simple but essential to our purpose. 
Lemma. p(r, m) i p(r - 1, m - 1) + p(r) m - 1). 
Proof. Reed-Muller codes are inductively defined (see [3]) by R(r, m) = 
{(u, u + u): u E R(r, m - l), u E R(r - 1, m - 1)); where (* , 0) denotes con- 
catenation. Let x = (xi, x2) be an arbitrary vector, then x can be ‘approximated’ 
by first choosing U, a closest word to x1 in R(r, m - l), and then V, a closest word 
to x2 + u in R(r - 1, m - 1). Then 
d((x,, x2), (UP u + u)) = d(x,, u) + d(x,, u + v) 
Gp(r,m-1)+&r--l,m-1). 0 
Case 1: m-r====(m). 
We prove by induction on A, 
dr,m)s m 
m-r-2 
cm _ r _ 2)! + ow--r-3). (5) 
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The inequality is valid for A = 3 (see [2]). Let it be valid for (m - r - 1). Then 
p(r, m) S p(r - 1, m - 1) + p(r, m - 1) 
s p(r - 1, m - 1) + Cm - lY-3 + o(mm-r-4) 
(m -r - 3)! 
~ i (m _ i)m--r-3 r 
i=l (m -r - 3)! + ,z o(mm--r-4) 
m-r-2 
+ ~(0, m - r) = m (m _ r _ 2)! + O(mmprT 
Case 2: r = o(m). 
We prove by induction that for r 2 2 
p(r, m) 5 2”-r - (j/2 + l)r-L2(m-2)‘2 + O(m’-“). 
Using results on upper bounds for ~(1, m) we have 
p(2, m) S p(2, m - 1) + p(1, m - 1) S p(2, m - 1) + 2”-2 - 2(‘~-3)‘2 
m-2 m-3 
=s p(2, 2) + c 2’ - c 2’2 55 2m-‘ - (J/5 + 1p+*. 
i=l i=O 
Let (6) be valid for r - 1. Then 
p(r, m) 6 p(r, m - 1) + p(r - 1, m - 1) 
5 p(r, m - 1) + 2m-2 - 2Cm--3)‘2(ti + l)r-2 + O(mr-“) 
m-2 m-3 
5 p(r, r) + 2 2’ - (j/5 + 1)/3)‘-2 C 2”2 + O(mre2) 
i=r i=r-3 
5 y- 1 _ 2+--2)/2(fi + I)‘- 1. 
Let us compare our bound with one from [4], 
(6) 
p(r, m) 5 2”-’ - (r’2 - 2”“)(2” - 2’); 
For r = const, this gives p(r, m) 5 2m-’ - (2”2 - 2r’6)2m’2. We have in this range 
p(r, m) 5 2”-’ - $(2.42)‘-‘. F or example, for r = 2, [4] and (6) yield respectively 
~(2, m) Cc 2”-’ - 0.74. . . 2m’2, 
p(2, m) 5 2m-’ - 1.21 . . . 2m’2. 
Case3: a=r/m=const>$. 
We prove by induction that for r 6 m - 3 
The inequality holds for r = m - 3, as well as it is valid for r = 0. Let it be valid 
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for (m - r - 1) and all m, and for (m - r) and all lengths less than 2”. Then, 
p(r, m) s mgm+l)+“~~3(m+1) 
=m~-ym+2)-l<m~~2(m+2). 
Standard arguments give 
p(r, m) d 2nH(1--a), 
Case 4: (Y = r/m = const < 4. 
We prove by induction that for r 2 1 
(7) 
p(r, m) 5 2m-1 - (7). 
The inequality holds for r = 1 and all m, and for r = m and all r. Let it be valid 
for r - 1 and all m, and for r and m - 1. Then, 
p(r, m) G 2”-* - (m r ’ )+2”-“-(;-$2m-‘-(;). 
This gives asymptotically 
p(r, m) 5 2+’ - 2”H’“)(2ma(l - (Y))+. 
For 0 c r/m 6 (2 + fi)-I, the following inequality holds: 
(8) 
p(r, m) S 2+’ - (a + l)r-12(m-2)‘2 + r m 
( > 
. 
r (9) 
The proof by induction is quite technical and is presented as an appendix. 
Denoting p(r, m) = 2”-’ - 2”‘f(*) and combining (3), (9) and (8) gives the 
following. 
This corresponds to the dotted area in Fig. 1. 
f(r/mQ 
( 1 +H(r/m))/2 
1 
.29 .5 r/m 
Fig. 1. Bounds for r/m -c 0.5. 
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When r/m grows from 0 to 1, the rate R = k/m of R(r, m) grows from 0 to 1. 
Asymptotically the behavior is discontinuous, with 
R = 0 for rim < 4, 
R = 1 for r/m > f, 
and 
R = 1 for r/m = 1. 
We shall now treat this last case. 
A lower bound on p is readily obtained through the sphere covering bound, 
yielding 
p 2 nH-‘(4). (10) 
For the upper bound, we use a result from [4]: If h is a positive integer such that 
m - 2 > r 2 (h - l)(m - 1)/h, then 
p(r, m) S 2m-h - 2r+2-h + 2. 
For h = 2, this gives 
&m/2, m) C 2m-2 - 2m’2 + 2 5 ($)n. 
Summarizing (l)-(ll), we have the following. 
(11) 
Theorem. For m large enough, if o(m) = m - r 2 3, then 
mm-r-2 m--r-2 
(m-r-l)!lp(r~m’~(m~r-2)!’ 
i.e., p(r, m) = t3(mm-r-2). Zf r 3 2, r = o(m), then 
2”-’ - 2”“m”((ln 2)/2r!)f 5 p(r, 5 2m-’ m) - 2,,(fi + l)r-l. 
If r/m = const, rim 2 4, then 
(2m3)-42”H(‘-““) 5 p(r, m) 5 2mW--r/m). 
lf (2 + fi>-l 5 r/m 5 1, then 
2m-I_ ((ln 2)/2)~2m(l+HWm)W 5 p(r, m) 5 2”-1_ 2mWr’m). 
If 0 s r/m d (2 + fi)-‘, then 
2m-l_ ((ln 2)/2)f2m(l+H(r’m)W 5 p(r, m) 5 2m-’ - (fl + l)r-12(m-2)‘2; 
If r/m = 4, then 
n/4 Z= p(m/2, m) 2 H-‘($I = 0. lln, 
i.e., p(m/2, m) = e(n). 
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Appendix: Proof of formula (9) 
We will show by induction that 
holds: 
for m 2 (l& + 2)r the following inequality 
p(r, m) C 2m-1 - 
1 
(+j _ l)r-I 2(m-2)‘2 +
m 
( > . r 
Easy fact: 
H tiy2 =f+$210g(ti+ 1). ( > 
Hence, 
_ _ 
- & 2(~2+2)r/2+rlog(V12+1); 
1 
(ti - l)r-l 
p~+2)r/Z-l = ~~‘-i)10p~~~+l)+r(~~+2)/2-l 
1 
=(ti+l) 
2’logN~+l)r(~T+2)/2 
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Furthermore, 
(ti + 2)r - 1 
,((\li-:2)r).: 
,(ti : 2)rl 
) 
r > 
p(r, [(ti + 2)rl) S 2m-’ - 
_ 
& + l> 2’log(t/z+l)+r(~~+2)/2 
+ r ~rlog(~+l)+r(~~+2)/2 
4fi 
and for rf/4 > l/(fi(fi + l)), or for r 2 2, we have p(r, [(fi f 2)rl) C 2”‘-’ + E, 
E > 0, which is always valid since p(r, m) < 2”-’ for m 3 r, and r 2 1. 
Furthermore, [(J6 + 2)(r + l)] - [(fi + 2)r] 3 3. 
The inequality (9) holds for r = 2 and all m. Let it be valid for some r - 1 and 
all m a [(v? + 2)(r - l)]. We will prove it for r and m 3 [(ti + 2)rl. It is O.K. 
form = [(j.h + 2)r], thus form > [(a + 2) 1 r 
is less than 1(-\/z + 2)rl) 
we have (note that [(a + 2)(r - 1)1 
p(r, m) C2m-2 - 1 (ti _ ,)r_I 2(‘n-3)‘2 + r 
m-l 
c ) 
r 
+ 2”-2 - 1 
(Ih - l)r-2 
p--3Y2 + (r _ 1) 
m-l 
( ) r-l 
d 2m-I_ m (ti ! l)r_, 2cm-2)‘2 + r r 
c ) 
. q 
References 
[l] G.D. Cohen, M. Karpovsky, H. Mattson and J. Schatz, Covering radius, survey and recent 
results, IEEE Trans. Inform. Theory 31 (3) (1985) 328-343. 
On the covering radius of Reed-MuNor codes 155 
[2] A. McLaughlin, The covering radius of the (m - 3)rd order Reed-Muller codes and a lower 
bound on the (m - 4)th order Reed-Muller codes, SIAM J. Appt. Math. 37 (1979) 419-422. 
[3] J.H. van Lint, Coding Theory, Lecture Notes in Math., Vol. 201 (Springer, Berlin, 1973). 
[4] A. Tietavlinen, Covering radius and dual distance, Designs, Codes Cryptography (1991) 31-46. 
[5] P. Sole, Asymptotic bounds on the covering radius of binary codes, IEEE Trans. Inform. Theory 
36 (6) (1990) 1470-1472. 
